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ABSTRACT
Doubts have been raised that time series subsequences can
be clustered in a meaningful way. This paper introduces a
kernel-density-based algorithm that detects meaningful pat-
terns in the presence of a vast number of random-walk-like
subsequences. The value of density-based algorithms for
noise elimination in general has long been demonstrated.
The challenge of applying such techniques to time-series
data consists in first specifying uninteresting sequences that
are to be considered as noise, and secondly ensuring that
those uninteresting sequences will not affect the clustering
result. Both problems are addressed in this paper and the
success of the technique is demonstrated on several standard
data sets.

1. INTRODUCTION
Frequent pattern mining algorithms are among the most im-
portant contributions of the data mining community to the
data analysis toolbox. Frequent subsequences in time series
data are of interest by themselves [13] and in combinations
that form strong association rules [5]. Literature on associ-
ation rule mining has largely assumed that time series sub-
sequences can be encoded by letters through partitioning of
the occurring subsequences using k-means clustering. This
approach is motivated by its similarity to vector quantiza-
tion [7] and can be justified through its property of minimiz-
ing the squared error function. It has been noted that the
resulting cluster centers are, however, not very specific to
the data set from which they originate [12]. This does not
disqualify them from use in association rule mining since the
technique does not require a data set dependent representa-
tion. It is, nevertheless important to determine if clustering
can be used to mine for frequently occurring subsequences.

This paper demonstrates that kernel-density-based cluster-
ing [3, 9] is indeed capable of identifying cluster centers
that are specific to the data set from which they originate.
These cluster centers represent frequent subsequences and
can, thereby, have applications similar to motifs [13]. The

derivation based on the concept of a kernel-density has an
important fundamental benefit: It will be shown in section 3
that normalization can make some sequences much more fre-
quent than others, even for data that is created in a random
fashion. It is, therefore, important to compare any result
against the probability of getting that same result based
on random input. The construction of a density landscape
makes this comparison very easy.

Why, then, does it make a difference if density-based clus-
tering is used instead of k-means or hierarchical clustering?
Time series data often contain significant noise, i.e. subse-
quences that are the result of random fluctuations. Density-
based clustering only considers those regions of the density-
landscape as clusters that rise above a noise threshold. Set-
ting the threshold appropriately can eliminate the impact
of noise, provided the noise distribution leads to an ap-
proximately constant density surface. The noise tolerance
of density-based clustering is extensively discussed in [9].
Adaptation to time series data requires a detailed under-
standing of what constitutes noise in that setting. Different
time series models will be covered in section 2 to allow iden-
tification and targeted elimination of noise-like sequences.

The paper is organized as follows: Section 2 provides back-
ground on time series models and kernel-density-based clus-
tering, section 3 describes the algorithm, section 4 demon-
strates the results on real data, and 5 concludes the paper.

2. BACKGROUND
Many types of data are recorded as a function of time. This
paper focuses on the analysis of a single sequence of real-
valued data.
Definition 1: A time series T = t1, ..., tn is a sequence of
real numbers. Numbers correspond to values of an observed
quantity, collected at equally spaced points in time.
Definition 2: A subsequence of time series T = t1, ..., tn,
with length w, is a sequence S = tm, ..., tm+w−1 with 1 ≤
m ≤ n − w + 1. The process of extracting subsequences
by incrementing m in steps of one is called application of a
sliding window. Subsequences will be represented as vectors
in a w-dimensional vector space.

Clustering of any kind of data requires the definition of a
similarity or of a distance measure. One of the best-known
distance measures, and a popular choice in time series clus-
tering, is the Euclidean distance. The Euclidean distance
measure is a special case of an Lp norm. Lp norms may fail



to capture similarity well when being applied to raw time
series data because differences in the average value and av-
erage derivative affect the total distance. Normalization is
an important step to reduce this problem. In this paper Z-
normalization is used in which the mean of the subsequence
is subtracted and the data are divided by their standard
deviation.

Other specialized distance measures have been described for
time series clustering, such as dynamic time warping, DTW
[2], and longest common subsequence similarity, LCSS [16].
They are not suitable to the short subsequences of interest
in this paper.

2.1 Kernel-density-based Clustering
Clustering based on kernel-density estimation has been suc-
cessfully used in many contexts [3, 4, 9]. Assuming n data
points xi, i = 1, ..., n in a d-dimensional space, the kernel
density estimator is given by

f̂(x) =
1

nhd
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K
(x− xi

h

)
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where the kernel function K(x) is normalized∫
Rd

K(x)dx = 1. (2)

In this paper, a Gaussian kernel is used throughout
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Since the Gaussian kernel is radially symmetric, a profile
can be defined through

K(x) = ck,dk(|x|2) (4)

where ck,d is a normalization constant that guarantees the
normalization in equation (2). The goal of finding represen-
tative sequences is achieved by identifying the points in the
density landscape that correspond to the highest density. In
[9] these local maxima are referred to as density attractors
and in [4] as modes. The modes are determined by picking
starting points and updating their location through a hill
climbing step. Following [4], updates, i.e. differences be-
tween tentative cluster center locations for successive steps,
are computed as

mh(x) =
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n=1 xig

(∣∣ x−xi
h

∣∣2)
∑n

n=1 g
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h
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where g(x) = −k′(x) is the negative derivative of the kernel
profile. Any data point can be associated with the cluster
center to which it is attracted. Only modes above a thresh-
old t are considered cluster centers. Data points that are
attracted to modes below t are outliers or noise.

Clusters cannot only be defined based on the density attrac-
tors or modes but also as regions that are continuously above
a threshold [9]. Such a definition allows multiple attractor
regions to be joined into one arbitrarily-shaped cluster. In
the case of time series subsequence clustering the focus lies
on the identification of representative sequences and joining
of attractor regions is thereby not considered helpful.

Kernel-density-based clustering is robust against noise, pro-
vided the noise leads to an approximately constant density
surface. Constant contributions to the density distribution
do not affect the position of maxima. The description of
noise as uniformly distributed data points, which underlies
the proof of noise invariance in [9], is not valid for typical
time series subsequences. In the following it will be shown
what distribution can be expected for time series data.

2.2 Time Series Models
Several time series models have been proposed [14]. We will
now look for a model of a time series that describes noise
in typical data sets well and can, thereby, serve as a noise
definition.

The arguably simplest model of a time series is ”strict white
noise” as defined in [14], denoted by {et}. Mean, µ, and
variance σ are assumed to be the same for all time points.

E{et} = µ, var{et} = σ2,∀t,

cov{et, es} = 0, ∀t �= s. (6)

Data that follow this distribution lead to a density land-
scape that is similar to that of random data in other subject
domains. There will be a broad maximum at the value of µ
in each dimension, which will be moved to the origin by the
normalization. Kernel-density-based clustering identifies lo-
cal maxima as clusters, provided they are higher than the
broad maximum due to noise.

Time series data are not, however, typically described well
by the model of ”strict white noise”. In the vast major-
ity of settings we can expect some correlation between the
values at successive points in time. For example, in stock
market data the default assumption is for share values to
remain constant. Nobody would consider resetting all ex-
pected share values to 0 or a constant value on a day without
trading. Instead share values are assumed to approximately
retain the value they had on the previous day of trading.
There is correspondingly little benefit in eliminating ”strict
white noise”. Clusters may still be determined by factors
that are common to most time series and, thereby, reflect
standard behavior rather than data-set-specific patterns. In
this case clusterings could be similar or identical for different
series and would still be considered meaningless according
to [12].

A more advanced concept is the linear time series model in
which future values are assumed to depend on past values
as a linear superposition [14]

∞∑
u=0

huXt−u = et (7)

where the Xt are time series values, {hu} is a sequence of
real values, and {et} is a sequence of independent zero mean
random variables, as defined in equation (6) with µ = 0. In
the simplest case, the next value of the time series depends
only on one current value. A process in which future states
only depend on the present state is called a Markov process.
Assuming further that the expression on the left hand side
of equation (7) is simply the difference between successive
steps, we arrive at a time series model that qualifies as a
good example of a random sequence in most settings. In
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Figure 1: Subsequences in which a characteristic
pattern occurs in different locations.

stock data, for example, random fluctuations would neither
give us reason to buy nor to sell stock. Deviations from
such behavior, on the other hand, are considered interesting
patterns. Such a time series is also called a random walk
time series.

2.3 Random Walk Time Series
The concept of a random walk was introduced to describe
particle motion in n dimensions [15]. For time series data
time advances regularly and the random walk is restricted to
one dimension, corresponding to the values the time series
can take.
Definition 3: A Gaussian random walk time series is a
normally distributed sequence that satisfies

Xt − Xt−1 = et

E{et} = 0, var{et} = 1, ∀t,

cov{et, es} = 0, ∀t �= s. (8)

The random walk time series that is used as an example
series to evaluate the effectiveness of the algorithm was taken
from [11] and follows this model. Note that the choice of
mean and variance are irrelevant in this definition because
subsequences are normalized.

A slightly modified version of this concept is used to derive
a random walk space that can be completely enumerated.
It is then necessary to limit the number of possible random
values to a finite number, in this case 1 and −1. Such a
simplification is also common for random walks in their tra-
ditional use [15].
Definition 4: A discrete random walk time series is a se-
quence that satisfies

Xt − Xt−1 = rt

E{rt} = 0, |rt| = 1, ∀t,

cov{rt, rs} = 0, ∀t �= s. (9)

Definition 5: The space of all discrete random walk time
series of a given length is called random walk space.
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Figure 2: Density-based clustering of a Gaussian
random walk (left) and a persistent discrete random
walk (right).

Finally, it can be observed that for many time series not
only the values of successive points are correlated, but also
the slopes between them, i.e., if there is an increase between
time t − 1 and time t there is more likely to be an increase
than a decrease from t to t + 1. Random walks with such
correlations are called persistent. While not all time series
are persistent, those that are, should be treated with an
appropriate noise model. Patterns that are entirely due to
persistence are not expected to be of interest to a user be-
cause they are independent of the specific data set. The
same patterns would be observed for all data sets with the
same level of persistence.
Definition 6: A persistent random walk time series is a
sequence that satisfies

Xt − Xt−1 = rt

E{rt} = 0, |rt| = 1, ∀t,

cov{rt−1, rt} = c, ∀t. (10)

where c is a constant that is determined from the data. If
the time series of interest does not show persistence, this
model reduces to equation (9).

3. APPLICATION OF KERNEL-DENSITY-
BASED CLUSTERING TO TIME SERIES

Kernel-density-based clustering can be implemented in two
fundamentally different ways. Data points can be stored
in a table that is parsed once for each iteration of the hill-
climbing algorithm [3, 4]. Alternatively a grid representa-
tion can be used within the space that is spanned by all
attributes [9]. In the latter approach the volume of the
space increases exponentially with the number of dimen-
sions of the data. The former approach was therefore taken
to achieve acceptable scaling to large subsequences. The im-
plementation was done in MATLAB as an extension of [10],
a kd-tree-based [1] MATLAB toolbox for kernel-density es-
timation. Modes are evaluated using a hill-climbing algo-
rithm. Starting points are all data points that are larger
than their d nearest neighbors within the data set, where d
is the number of dimensions (points in each subsequence).
This strategy was tested against the more rigorous choice of
picking each data point as starting position. Results showed
that all modes were reliably identified and the speed was
significantly increased by limiting the set of starting points.
Comparison of each point with its neighbors is very fast
given the kd-tree representation.

Further modifications were necessary to adapt the density-



1 length = 8 % length of subsequences

2 sigma = 2.1% variance of Gaussian in Kernel Density Estimation

3 threshold = 0.3e-4 % density threshold

% Prepare subsequences

4 dataArray = normalize(slidingWindow(sequence))

% Prepare random walk representation

5 rwLibrary= createRandomWalks(length)

6 rwArray = closestRandomWalk(dataArray,rwLibrary)

7 ratio = successiveSlopesSameVsDifferent(rwArray)

8 rwKernelDensity = densityOfRws(length,sigma,ratio)

% Calculate weights to compensate for random walk density

9 rwKernelDensityMatrix = evaluate(rwKernelDensity,rwLibrary)

10 weights = conjugateGradient(rwKernelDensityMatrix,vectorOfOnes)

11 weights = applyLowerBound(weights,lowerBound)

12 weightArray = mapToData(rwArray,weights)

% Actual clustering step using kernel density estimation

13 dataKernelDensity = kde(dataArray,sigma,weightArray)

14 start = getMaxima(dataKernelDensity,length)

15 [clusterCenters,centerDensities] = modes(dataKernelDensity,start)

16 clusterCenters = filterCloseCenters(clusterCenters)

17 clusterCenters = applyThreshold(clusterCenters,centerDensities,

threshold)

Figure 3: Pseudocode

Figure 4: Random walk space for a time series of
length 4.

based clustering algorithm to time series subsequences. One
problem is that a characteristic pattern that is shorter than
the window size will result in several cluster centers. Figure
1. illustrates the problem. A clear pattern of a large data
point followed by a small one can be identified in all three se-
quences. The sliding window approach samples data points
multiple times and can thereby lead to multiple representa-
tions of the same pattern from the original time series. A
user is likely to only be interested in this pattern once. The
problem was resolved as a post-processing step in which po-
tential cluster centers are compared and ones that are closer
to each other than a threshold are eliminated. Sequences are
shifted and only those parts compared that are defined for
both subsequences. The resulting sequences are normalized
and the distance weighted (using a weight of

√
(i + 1) for a

shift of i) to give penalty to shifted matches. Shifts up to
half the length of the time series subsequence are considered.

Kernel-density-based clustering, as described so far, leads
to non-trivial maxima in the density landscape even if the
input sequences are perfect random walks. Figure 2. shows

the result of density-based clustering of a Gaussian random
walk (left) and a persistent discrete random walk (right).
The next section will show how to compensate for this un-
informative result.

3.1 Density Distribution of a Random Walk
and its Inversion

The idea of the algorithm is as follows: The density land-
scape of discrete random walk data is evaluated. Input data
is then weighted such that random walk data would lead to
a constant density surface. Handling this problem compu-
tationally requires that only a finite number of sequences
are used to define the random walk space. The discrete ran-
dom walk definition in equation (9) is used for this purpose.
All random walks that are possible according to this defini-
tion can be constructed in a straight forward way. Figure
4. shows the space of random walks for sequences of length
4. For any two successive data points there is a choice of
an increase or decrease by 1 (3 choices for 4 data points).
In general, the number of discrete random walks that have
to be considered for sequences of length w is 2(w−1). Each
possible walk can be efficiently represented by a (w−1)-digit
binary number that serves as an index for array representa-
tions of density and other properties.

Subsequences of real data, naturally, do not match these
sequences exactly. Two possible prescriptions of identifying
corresponding random walks for a given data sequence were
evaluated. Each normalized data sequence can be compared
with all possible normalized random walk sequences and the
closest chosen to represent the sequence. Alternatively a
difference-based matching process can be used that considers
only the sign of the slope between neighboring points in the
sequence. The latter approach shows better scaling to large
sequences but does not capture the relevant features of the
data sequences as well. The first approach was, therefore,
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Figure 5: Data set glassfurnace (top) and ecg (bottom); shown are the time series itself (left), results of
density-based clustering (middle), and results of k-means clustering (right).

taken.

Persistence, as defined in equation (10), is incorporated based
on the statistics of the data. After representative random
walk sequences have been picked, the number of occurrences
of equal slopes is determined. The ratio of equal over dif-
ferent slopes is calculated. Based on that ratio, all random
walks in the random walk space are weighted. A density
landscape is constructed with the same kernel function as is
used for the data.

The goal of calculating the density landscape of random
walks is to compensate for any patterns that occur by ran-
dom sequences alone. Weights are determined for each ran-
dom walk model sequence in the random walk space. For
each real sequence the weight of the corresponding model
sequence is supplied as part of the construction of the den-
sity landscape. Weights are defined such that the weighted
density landscape based on the set of model sequences is 1
for the location of each sequence. Determining the weights
amounts to solving the following equation for x

1 = K(G) x (11)

where 1 is a vector with all elements equal to one, and K(G)

is the kernel matrix for a Gaussian kernel

K
(G)
i,j =

1

(2π)d/2
exp

(
−|xi − xj |2

2

)
(12)

evaluated at the positions of each model sequence, i.e., each
point in the random walk space. In principle, the matrix
K(G) could be inverted. Since equation (11) only has to
be solved once, and an approximate solution is satisfactory,
a biconjugate gradient method as provided in MATLAB
(bicgstab) is used instead.

The resulting vector x can – and commonly does – show neg-
ative values. This result is not surprising since equation (11)
is not guaranteed to have a solution, for which all elements
of x are positive. In practice it is, however, questionable if
input sequences should be weighted with a negative weight.
Doing so would mean that the existence of a particular se-
quence in the data set leads to a decrease in the density
landscape. The minimum acceptable value for elements of
x was set to be 0.01 times the maximum value occurring in
x. All smaller values were set to that minimum value.

3.2 Summary of the Algorithm
Figure 3. summarizes the steps in the algorithm. As a
first step subsequences are extracted using a sliding window
and are normalized, step 4. Several different normalization
techniques were evaluated such as using the derivative of se-
quences as discussed in [6]. As a further alternative the orig-
inal subsequences were taken, the mean subtracted and the
standard deviation of differences between successive points
was used for normalization, compare equation (8). Over all,
Z-normalization led to the best performance and was chosen.

The next steps 5.-12. deal with the creation of a random
walk representation, steps 5.-8., and the creation and ap-
proximate inversion of the kernel matrix, steps 9.-12. These
steps are specific to the time series subsequence setting and
are not used in the standard and adapted density-based clus-
tering variants in section 4.

The clustering steps 13.-16. are implemented as outlined in
section 2.1. Note that this algorithm may still return max-
ima as a result of noise in the form of random sequences.
Due to the somewhat artificial nature of the reference se-
quences as discrete persistent random walks, Gaussian ran-
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dom walks will still result in systematic maxima similar to
the left part of figure 2., albeit with a much lower density.
The lower bound on weights also contributed an uneven den-
sity surface for random walks. Density values of clusters that
were evaluated based on Gaussian random data were used as
a guideline to determine a suitable threshold, below which
maxima are not considered as cluster centers. Step 17. en-
sures that only clusters that have a density higher than that
threshold are returned.

4. EXPERIMENTAL EVALUATION
The algorithm was evaluated on several standard data sets
from the UCR Time Series Data Mining Archive [11] as
well as on an ecg series (MIT-BIH Arrhythmia Database:
mitdb100) from PhysioBank [8]. The ecg series was com-
pressed by averaging over 20 consecutive values, the buoy
series from the UCR Archive by averaging over 4 values.
All experiments were done using subsequences of length 8.
The width of the Gaussian kernel was chosen to be 2.1 and
the density threshold for cluster centers 0.3 × 104.

Figure 5. (top) shows a data set from [11] together with
the clustering results from density-based and k-means clus-
tering. The cluster centers from density-based clustering
clearly represent the typical patterns in the time series. Clus-
ter centers from k-means clustering, on the other hand, bear
no resemblance to the original data. One may argue that
this time series has a rather extreme shape. Figure 5. (bot-
tom) shows the same comparison for ecg data. Although
the contrast is not as extreme, it can again be clearly seen
that most of the k-means cluster centers do not represent
any particular part of the sequence. No parts of that ecg
sequence show two similarly high, pointed maxima next to

each other. Yet, three of the k-means clusters that show
such subsequences. All density-based clusters can be iden-
tified with subsequences of the original time series.

4.1 Meaningfulness of Clusterings
Following the idea in [12] the meaningulness of clustering is
evaluated. For this purpose data sets were broken in half,
and the cluster centers derived from both halves were com-
pared using the meaningfulness-measure

cluster distance n(A,B)

≡ 1

kA

kA∑
i=1

min
[
dist(a i, b j)

]
, 1 ≤ j ≤ kB (13)

clusteringmeaningfulness(X, Y)

≡ within set X distance n

between set X and Y distance n
(14)

where A = (a1, a2, ..., akA ) are the cluster centers derived

from the first half of the data set and B = (b1, b2, ..., bkB )
are the cluster centers derived from the second half. This
test is stricter than the original test that was based on sepa-
rate runs of the k-means algorithm on the same data. Since
density-based clustering has no random component the orig-
inal test could not be applied. Since clusterings could differ
in the number of clusters the cluster distance measure had
to be normalized with the number of sequences.

The average number of clusters in density-based clustering,
averaged over all data sets listed in table 3.2., was approx-
imately 4 (4.3). Comparisons are, therefore, done with k-
means clustering, with k = 4. Only data sets were used that
showed cluster centers with densities higher than clusters in
random data. This criterion excluded some popular data



Table 1: Meaningfulness Results for Different Combinations of Data Sets
mean buoy balloon glassfurnace random
(excl. random)

Weighted ecg 0.29 0.10 0.09 0.16
Density- 0.189 buoy 0.31 0.24 0.58
based balloon 0.10 0.42
Clustering glassfurnace 0.22
Adapted ecg 0.26 0.15 0.11 0.08
Density- 0.228 buoy 0.52 0.15 0.63
based balloon 0.18 0.29
Clustering glassfurnace 0.06
Standard ecg 0.18 0.21 0.46 0.10
Density- 0.390 buoy 0.47 0.41 0.63
based balloon 0.60 0.36
Clustering glassfurnace 0.34

ecg 0.59 0.56 1.17 0.55
K-means 0.718 buoy 0.63 0.72 0.72
Clustering balloon 0.63 0.56

glassfurnace 0.64

sets used in other works such as the Standard and Poor 500
stock index. With the current sensitivity of the algorithm
it is not possible to distinguish between the stock index and
random walk data.

Figure 6. shows the results of density-based clustering with
compensation for a persistent random walk density distribu-
tion (right, dark) together with results from k-means clus-
tering (left, white). It can clearly be seen that the density-
based results lead to much smaller values corresponding to
more meaningful results.

It can also be seen that the difference between k-means and
density-based clustering is not as significant for comparisons
with random walk data. This is expected since the similarity
between runs on different random walk sequences should not
be similar. That means that the within set X distance n for
random data should be as high as the between set X and Y
distance n to other sequences. A meaningfulness value of

about 0.5 should, therefore, be expected for any calculation
involving random data. The fact that meaningfulness values
are rather lower is an indication that cluster centers for ran-
dom data still do have components of the systematic results
in figure 2. because the model was built on discrete rather
then continuous random walks, and weights were restricted
to be above a threshold.

Table 3.2. shows detailed results for the runs in fig. 6.
as well as for two other variants of density-based cluster-
ing: Standard density-based clustering uses the modes find-
ing algorithm from [10] without modifications, and adapted
density-based clustering allows shifting of subsequences in
comparisons (see section 2.3).

5. CONCLUSIONS
Kernel-density-based clustering was successfully adapted to
time series subsequence data. It was, thereby, shown that
time series subsequence clustering can lead to meaningful
results. A random walk space was introduced as a means
of defining a reference distribution of sequences. Persistence
of random walks was included in the treatment. The refer-

ence distribution was then used to derive weights for time
series subsequence data. These weights compensated for the
uneven distribution of random walk data. The resulting al-
gorithm was evaluated on several standard data sets.
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